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1 Introduction
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$i,j$ $(*) \sum_{t}$ ditdjt $-1_{=\lambda U}$ ,
, $d_{ij}$ $U$ $G$
$(*)$ $U$






Definition 2.1. $G$ $su$ . $G$ s- $D_{ij}(1\leq i,j\leq$
$t,$ $st=u\lambda)$ ,
$[D_{ij}]=\{\begin{array}{llll}D_{11} D_{12} \cdots D_{1t}D_{21} D_{22} \cdots D_{2t}| \cdots \cdots |D_{t1} D_{t2} D_{tt}\end{array}\}$
$G$ $u$ $U_{1},$ $\cdots,$ $U_{t}$ $G$
(a GH$(s,$ $u,$ $\lambda)$ matrix over $G$ relative to $U_{1},$ $\cdots$ , $U_{t}$ , $k$ $:=u\lambda=st$)
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$t\hat{i}$ .
$\sum_{1\leq j\leq t}D_{ij}D_{\ell j}^{(-1)}=\{\begin{array}{ll}k+\lambda(G-U_{i}) i=\ell \text{ },\lambda G i\neq\ell \text{ }.\end{array}$ (1)
GH$(s, u, \lambda)$ $\mathbb{P}$ $B$
$\mathbb{Z}[G]$ $t$ $M_{t}(\mathbb{Z}[G])$ .
GH $(s, u, \lambda)$- $[D_{ij}]\in M_{t}(\mathbb{Z}[G])$ relative to $U_{1},$ $\cdots,$ $U_{t}(t=u\lambda/s)$
$\mathbb{P}$ $B$ .
$\mathbb{P}$ $=$ $\{$ 1, 2, $\cdots,$ $t\}\cross G$ , (2)
$B$ $=$ $\{B_{jh}:1\leq j\leq t, h\in G\}$ , (3)
$B_{jh}= \bigcup_{1\leq i\leq t}(i, D_{ij}h)$
$G$ $x$ $(i, g)\in \mathbb{P}$ $(i, g)x=(i, gx)$ ,
.
Result 2.2. ([4]) $su$ $G$ $[D_{ij}]\in M_{t}(\mathbb{Z}[G])$ $u$
$U_{1},$ $\cdots,$ $U_{t}(t=u\lambda/s)$ GH$(s, u, \lambda)$- . $\mathbb{P}$ $B$ (2) (3)
.
(i) $(\mathbb{P}, B)$ TD$\lambda(k, u)(k=u\lambda)$ .
(ii) $G\leq$ Aut $((\mathbb{P}, B))$ , $G$ $\mathbb{P}$ $B$
$s$ .
, $GH(s, u, \lambda)$ transversal design
. $GH(s, u, \lambda)$ .
$GH(s, u, \lambda)$ transversal design symmetric
. .
STD GH$(s, u, \lambda)$-
Result 2.3. ([4]) $su$ $H$ $[D_{ij}]\in M_{t}(\mathbb{Z}[H])$ $u$






$H$ $V_{1},$ $\cdots,$ $V_{t}$ GH$(s, u, \lambda)$ - .
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.Result 2.4. $([7|)G$ $f\in \mathbb{Z}[G]$ . $G$ $\chi 0$
$\chi\in G^{*}$ $\chi(z)=0$ $f=\lambda G(\exists\lambda\in \mathbb{Z})$
.
Result2.4 .
Lemma 2.5. $U$ $G$ , $z\in \mathbb{Z}[G]$ . $x|u\neq\chi 0$
$\chi\in G^{*}(\chi\neq\chi_{0})$ $\chi(z)=0$ , $f\in \mathbb{Z}[G]$
$z=Uf$ .
( ) $\chi(z(U-u))=0(\forall\chi\in G^{*}, \chi\neq\chi_{0})$ . Result2.4
$z(U-u)=sG$ $s$ . $s=0$
. $zU=uz$ . $G/U$ $\{g_{1}, \cdots, g_{m}\}(m=$
$[G:U|)$ , $z=g_{1^{W}1}+g_{2}w_{2}+\cdots+g_{m}w_{m}(\exists w_{1}, \cdots, w_{m}\in \mathbb{Z}[U])$
$(g_{1^{W}1}+g_{2}w_{2}+\cdots+g_{m}w_{m})U=u(g_{1}w_{1}+g_{2}w_{2}+\cdots+g_{m}w_{m})$ .
$g_{1}\chi_{0}(w_{1})U+\cdots+g_{m}\chi_{0}(w_{m})U=g_{1}uw_{1}+\cdots+g_{m}uw_{m}$ (4)
(4) $g_{1},$ $\cdots,$ $g_{m}$ ,
$\chi_{0}(w_{i})U=uw_{i}$ , $(1\leq i\leq m)$ (5)
$U=\{x_{1}, \cdots, x_{u}\}$ $w_{i}=a_{i1^{X}1}+\cdots+a_{iu}x_{u}(\exists a_{1}, \cdots, a_{u}\in \mathbb{Z})$
, (5) $x_{1},$ $\cdots,$ $x_{u}$ .
$(a_{i1}+ \cdots+a_{iu})\sum_{1\leq j\leq u}x_{j}=\sum_{1\leq j\leq u}a_{ij}ux_{j}$
$a_{i1}+\cdots+a_{iu}=a_{i}iu=\cdots=a_{iu}u$ . $a_{i1}=\cdots=a_{iu}$




Definition 3.1. $N$ $U$ $N/U=\{U_{1}(=U), U_{2}, \cdots, Um\}$ (
) . , $n$ $H=[h_{ij}]$ $N/U$
GH$(u, \lambda)$ ( $GH(u,$ $\lambda)$-matrix with respect to $N/U$)
$n=u\lambda$ ,
(i) $h_{ij}\in N(1\leq i, j\leq n)$
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Remark 3.2. (1) $U$ GH$(u, \lambda)$ - $U/U$ GH$(u, \lambda)-$
.
(2) $u\lambda=(\lambda_{ij1}+\cdots+\lambda_{ijm})|U|(\forall i,j)$ , $i,j(i\neq j)$
.
$\lambda=\lambda_{ij1}+\cdots+\lambda_{ijm}$
Example 3.3. $N=\langle a\rangle\simeq \mathbb{Z}_{4}$ , $U=\langle a^{2}\rangle\simeq \mathbb{Z}_{2}$ , $U_{1}=U,$ $U_{2}=Ua$ .
$N$ 4 $M=[d_{ij}]$
$\{\begin{array}{llll}1 1 1 11 1 a^{2} a^{2}1 a^{2} a a^{3}1 a^{2} a^{3} a\end{array}\}$
$i,j(i\neq j)$ $\sum_{1\leq t\leq 4}d_{it}d_{jt}^{-1}$ $cU_{1}+dU_{2}(c, d\geq 0)$
, $GH$ (2, 2) $\sim$ $wrtN/U$ .
Example 3.4. $N=\langle a\}\simeq \mathbb{Z}_{9}$ , $U=\langle a^{3}\}\simeq \mathbb{Z}_{3}$ $N/U=\{U(=$
$\{1, a^{3}, a^{6}\})$ , $Ua(=\{a, a^{4}, a^{7}\})$ , $Ua^{2}(=\{a^{2}, a^{5}, a8\})\}$ ( ) .
,
$[h_{ij}]=\ovalbox{\tt\small REJECT} 111111111$ $a_{1}^{4}a^{7}a_{6}^{3}a^{3}a^{6}aa1$ $a_{1}^{8}a^{2}a^{5}a_{3}^{6}a^{6}a^{3}a1$ $a_{1}^{3}a_{1}^{3}a_{6}^{3}aa^{6}a^{6}1$ $a_{1}^{4}a^{7}a^{3}a^{6}a^{3}a^{6}a1$
$a_{1}^{5}a^{2}a_{6}^{8}a_{3}^{6}a_{3}aa1$ $a_{1}^{6}a_{1}^{6}a_{3}^{6}aa^{3}a^{3}1$ $a_{1}^{7}a^{4}a_{6}^{3}a^{3}a^{6}aa1$ $a_{1}^{5}a^{8}a_{6}^{3}a^{2}aa^{3}a^{6}1\ovalbox{\tt\small REJECT}$
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$GH(3,3)wrtN/U$ .
Example 3.5. $N=\langle a\}\simeq \mathbb{Z}_{6}\geq U=\langle a^{2}\}\simeq \mathbb{Z}_{3}$
$N/U=\{U(=\{1, a^{2}, a^{4}\})$ , $Ua(=\{a, a^{3}, a^{5}\})$ .
$\sum_{1\leq t\leq 12}h_{it}h_{Jt}^{-1}\in\{4U, 3U+Ua, 2U+2Ua\}$ { $]\grave\grave\grave$
, GH(3, 4)- w.r.t. N$/U$ .
Kronecker .
Proposition 3.6. $U$ $N$ $H_{i}(i=1,2)$ $N/U$
GH $(u, \lambda_{i})$ $H_{1}\otimes H_{2}$ $N/U$
$GH(u, \lambda_{1}\lambda_{2}u)$ .
4 Cosets N$/U$ RDS
$N/U$ $G(\geq N)$
(semiregular RDS relative to $U$ )
, .
Theorem 4.1. $G$ $u^{2}\mu$ , $U$ $G$ $u$ $N(\geq U)$
$N_{G}(U)$ . $H=[h_{ij}])$ $N/U$ GH$(u, \lambda)$- ,
$\mathcal{D}=(D_{1}, D_{2}, \cdots, D_{n})(n=u\lambda)$ $G$ $(u\mu, u, u\mu, \mu)$ -RDSs relative to $U$
n-tuple . $n$
$M_{H,\mathcal{D}}=\{\begin{array}{llll}h_{11}D_{1} h_{12}D_{2} \cdots h_{1n}D_{n}h_{21}D_{1} h_{22}D_{2} \cdots h_{2n}D_{n}| | |h_{n1}D_{1} h_{n2}D_{2} \cdots h_{nn}D_{n}\end{array}\}$ (6)
$U$ GH $(u\mu, u, u\lambda\mu)$ .
143
( ) $N/U=\{U_{1}(=U), U_{2}, \cdots, U_{m}\}$ ( ) ,




$n$ $=$ $(\lambda_{ij1}+\cdots+\lambda_{ijm})u$ (8)
, $D_{ij}=d_{ij}D_{j}$ $M_{H,\mathcal{D}}=[D_{ij}]$ .
$i\neq j$ , (7), (8) $N\triangleright U$ ,
$\sum_{1\leq t\leq n}D_{it}D_{jt^{(-1)}}=\sum_{1\leq t\leq n}h_{it}(u\mu+\mu(G-U))h_{jt}^{-1}$
$\sum_{1\leq t\leq n}h_{it}h_{jt}^{-1}(u\mu+\mu(G-U))=\sum_{1\leq k\leq m}\lambda_{ijk}U_{k}(u\mu+\mu(G-U))$
$=u \mu\sum_{1\leq k\leq m}\lambda_{ijk}U_{k}+l^{4(\sum_{1\leq k\leq m}\lambda_{ijk}|U_{k}|)c-\mu\sum_{1\leq k\leq m}\lambda_{ijk}|U|U_{k}}$
$= \mu(\sum_{1\leq k\leq m}\lambda_{ijk}u)G=\mu nG$ .
$i=j$ , $\sum_{1\leq t\leq n}D_{it}D_{it^{(-1)}}=\sum_{1\leq t\leq n}$ hit $(u\mu+\mu(G-U)h_{it}^{-1}$
$=(u\mu+\mu(G-U))=r\iota u\mu+n’ x(G-U)$ .
$\sum_{1\leq t\leq n}D_{it}D_{jt}^{(-1)}=\{\begin{array}{ll}r\iota u\mu+r\iota\mu(G-U) i=j \text{ },n\mu G i\neq i \text{ }\end{array}$
.
Corollary 4.2. $G$ $u^{2}\mu$ , $U$ $G$ $u$ .
$H=[h_{ij}]$ $G/U$ GH $(u, \lambda)$- , $\mathcal{D}=(D_{1}, D_{2}, \cdots, D_{n})(n=u\lambda)$
$G$ $(u\mu, u, u\mu, \mu)$ -RDSs relative to $U$ n-tuple . (6)
$n$ $U$ $GH(u\mu, u, u\lambda\mu)$
.
Example 4.3. $G=\langle a,$ $b\}\simeq \mathbb{Z}_{3}\cross \mathbb{Z}_{3}$ . H $=$ [ ij] $U=\langle a\}$
GH(3, 1)- .
$H=\{\begin{array}{lll}a 1 11 a 1l 1 a\end{array}\}$
, $D_{t}=\{a^{i}b^{i^{2}+t};i\in \mathbb{Z}_{3}\}$ $(1 \leq t\leq 3)$ $D_{t}$ $G$ $($ 3, 3, 3, $1)-$
RDS. , $\mathcal{D}=(D_{1}, D_{2}, D_{3})$ $M_{H,\mathcal{D}}=\{\begin{array}{lll}aD_{1} D_{2} D_{3}D_{1} aD_{2} D_{3}D_{1} D_{2} aD_{3}\end{array}\}$
Cor. 4.2 GH(3, 3, 3)- relative to $\langle a\}$ .
Example 4.4. $G=\langle r,$ $s\rangle\cross\langle t\rangle\simeq Sym(3)\cross \mathbb{Z}_{6}(r^{2}=s^{3}=t^{6}=1,$ $[r, t]=$
$[s, t]=1,$ $rsr=s^{-1})$ . [3]
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$D=\{1, t, t^{2}, t^{3}, r, rt, s, r^{2}st^{5}, rst^{4}, r^{2}st, st^{4}, rst\}$
non-normal $($ 12,3, $12,4)- RDS$ in $G$ relative to $U=\langle rt^{2}\rangle$ 1 .
$\mathcal{D}=(D_{1}, \cdots, D_{12})(12,3,12,4)$-RDSs in $G$ relative to $U$ 12-tuple
. , $N=\langle rt^{-1}\}\simeq \mathbb{Z}_{6}\supset U=\langle rt^{2}\rangle\simeq \mathbb{Z}_{3}$ , $N$
Example 3.5 GH(3, 4)- w.r.t. N$/U$ . $H=[h_{ij}]$
Theorem 4.1 $M_{H,\mathcal{D}}$ GH(12, 3, 48)- (relative to $U$ )
$TD_{4S}(144,3)$ .
Lemma 4.5. Theorem 4.1 $G$ , $M_{H,\mathcal{D}}$
TD$u\lambda\mu(u^{2}\lambda\mu, u)$ $H^{T}$ $N/U$
GH(tt, $\lambda$ )- .
( ) Result 2.3 $j,$ $\ell(1\leq i\neq\ell\leq n)$
$\sum_{1\leq s\leq n}h_{sj}D_{j}(h_{s\ell}D_{\ell})^{(-1)}=\mu nG$
. $G$ $\chi(\neq\chi_{0})$
$\chi(D_{j})\overline{\chi(D_{\ell})}\chi(\sum_{1\leq s\leq n}h_{sj}h_{s\ell}^{-1})=0$
. , $i\in\{j, \ell\}$
$|\chi(D_{i})|^{2}=\chi(D_{i}D_{i}^{(-1)})=\chi(u\mu+\mu(G-U))=u\mu-\mu\chi(U)$
, $\chi(\sum_{1\leq s\leq n}h_{sj}h_{s\ell}^{-1})=0$ $\chi_{|U}\neq\chi_{0}$ $\chi$
. 25 $H^{T}$ $G/U$ GH$(u, \lambda)-$
. .
Example 4.6. $N=\langle a\}\simeq \mathbb{Z}_{9}\supset U=\langle a^{3}\rangle\simeq \mathbb{Z}_{3}$ , H $=$ [ ij] 34
GH(3,3) $w$ .r.t $N/U$ . $G=\langle a)\cross\langle b\rangle\simeq \mathbb{Z}_{9}\cross \mathbb{Z}_{3}$
(9, 3,9, 3)-RDS relative to $U$ ([6]) 9
$\mathcal{D}=(D_{1}, \cdots, D_{9})$ . Theorem 4.1 $M_{H,\mathcal{D}}$ $G$
GH(9,3, 27) relative to $U$ , $H^{T}$
GH(3, 3) $w$ .r.t $N/U$
Lemma 4.5 $M_{H,\mathcal{D}}$ TD$27(81,3)$ symmetric .
$D$ $G$ $(u\mu, u, u\mu, \mu)$ -RDS relative to $U$ $D$
$G$ $U$ . $D$
.
Theorem4.7. $G$ $u^{2}\mu$ , $U$ $G$ $u$ , $N(\geq U)$
$N_{G}(U)$ . , $H=[h_{ij}]$ $(h_{ij}\in N)$ $N/U$
GH$(u, \lambda)$- $\mathcal{D}=(D_{1}, D_{2}, \cdots, D_{n})(n=u\lambda)$ $G$ $(u\mu, u, u\mu, \mu)$-RDSs
relative to $U$ n-tuple , $\mathcal{D}$ $n-1$ $G$ $U$
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. $n$
$M_{H,\mathcal{D}}’=\{\begin{array}{llll}D_{1}h_{11} D_{1}h_{12} .D_{1}h_{1n}D_{2}h_{21} D_{2}h_{22} \cdots D_{2}h_{2n}| | |D_{n}h_{n1} D_{n}h_{n2} .D_{n}h_{nn}\end{array}\}$ (9)
$U$ GH $(u\mu, u, u\lambda\mu)$ relative to $U$ .




$D_{ij}=D_{i}h_{ij}$ $M_{H,\mathcal{D}}’=[D_{ij}]$ . , (10)
$\sum_{1\leq t\leq n}D_{it}D_{jt}(-1)$
$=$
$\sum_{1\leq t\leq n}D_{i}h_{it}h_{jt}^{-1}D_{j}^{(-1)}=D_{i}(\sum_{1\leq t\leq n}h_{it}h_{jt}^{-1})D_{j}^{(-1)}$
$=$ $\{\begin{array}{ll}D_{i}(\lambda_{ij1}Ug_{1}+\cdots+\lambda_{ijm}Ug_{m})D_{j}^{(-1)} (i\neq i \text{ } )n(ul^{l}+\mu(G-U) (i=j \text{ } )\end{array}$
$i\neq j$ , $D_{i}U=G$ $UD_{j}^{(-1)}=G$
$\sum_{1\leq t\leq n}D_{it}D_{jt^{(-1)}}=\lambda u\mu G$.
$\sum_{1\leq t\leq n}D_{it}D_{jt}^{(-1)}=\{\begin{array}{ll}nu\mu+n\mu(G-U) i=j \text{ },n\mu G i\neq i \text{ }\end{array}$
.
Corollary 4.8. $G$ $u^{2}\mu$ , $U$ $G$ $u$ .
, $H=$ [ ij] $GH(u, \lambda)$ - w.r. $t$ . $GU$ $\mathcal{D}=(D_{1}, D_{2}, \cdots, D_{n})(n=$
$u\lambda)$ $G$ $(u\mu, \tau\iota, ul^{4}, \mu)$ -RDSs relative to $U$ n-tuple .
(9) $n$ $U$
GH $(u\mu, u, u\lambda\mu)$ .
Example 4.9. $4n^{2}$ $L$ $(4n^{2},2n^{2}-$
$n$ , n2-n)- $A$ ([5]) Mennon Hadamard difference set
. $G=L\langle t\}$ $t$ $L$ invert
. [2] Proposition 4.14 $D=A+(L-A^{(-1)})t$ $G$
$(4n^{2},2,4n^{2},2n^{2})$-RDS relative to $U=\langle t\}$
. , spread Mennon Hadamard difference set
$A=A^{(-1)}$ , $L$ 2- .
$g\in L$ $Dg$ $G$ $(4n^{2},2,4n^{2},2n^{2})$-RDS relative to $U$
146
. $(Dg)^{(-1)}(Dg)=4n^{2}+2n^{2}(G-\langle gt\})$ $Dg$ $G$
$U$ . , $C_{G}(t)$ $N=\langle t\rangle\cross\langle s\rangle\simeq \mathbb{Z}_{2}\cross \mathbb{Z}_{2}$
. 4 GH(2, 2)- w.r.$tN/U$ H $=$ [ ij] . .
$H=\{\begin{array}{llll}1 1 1 11 t s st1 1 t t1 t st s\end{array}\}$
, $\mathcal{D}=(D, D, D, Dg)$ Theorem 47 $M_{H,\mathcal{D}}’$ $GH(4n^{2},2,8n^{2})$ -
.
Example 4.10. $F\simeq(GF(q), +)$ $\{\begin{array}{ll}D_{1} D_{2}D_{3} D_{4}\end{array}\}$ GH$(q, 2)$
$D_{i}(1\leq i\leq 4)$ GH$(q, 1)$ $([1|$ Theorem8.3.14 ).
$N=F\cross\langle a\}(a^{2}=1)$ $\{\begin{array}{ll}D_{1}a D_{2}D_{3} D_{4}a\end{array}\}$ GH$(q, 2)$ w.r. $t$ . $N/F$
.
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